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Abstract
The Full-Potential Linearized Augmented Plane Waves (FP-LAPW) method using the

Generalized Gradient Approximation (GGA) within the framework of Density functional
Theory (DFT) is applied to study the lattice parameters, bulk moduli, and densities of states
(DOS) of CraZr, CraNb, and their Cr,Zr.<Nby ternary alloys in the C15-Laves structure. The
quasi-harmonic Debye model, using a set of total energy versus molar volume obtained with
the FP-LAPW method, is applied to study the thermal and vibrational effects. Temperature
effect on the structural parameters, thermal expansions, heat capacities, Griineisen parameters,
and Debye temperatures are determined from the non-equilibrium Gibbs functions and

compared to available data.
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1. Introduction

Various intermetallic phases are being developed as new structural
materials for high temperature applications. The familiar aluminides (Ti, Al or
Fe based) are promising candidates for applications up to about 1000°C. Other
less common intermetallic phases, such as the Laves phases, are looked upon for
much higher temperatures. Laves structures are indeed characterized by high
melting points that could bring a promising potential field for applications in
aerospace and technological sectors®™ 2. Of particular interest are the Cr,X (X=2Zr,
Nb) compounds which have high creep and good oxidation resistances>>.
However, the cubic MgCu,-type structure (C15) of these compounds, which
occurs at the stoichiometric composition, is very hard and extremely brittle at
ambient temperatures*®. One potential solution to this problem is the use an in-
situ composite consisting of a ductile matrix phase, to provide toughness,
reinforced by the Cr,X Laves phase. For example, chromium-based alloys
containing the Laves phase Cr,X have recently been the subject of several

investigations’*

. Another potential interest of the Cr,Nb phase is to be used as a
stable precipitation for high temperature strength good conductivity Cu-based
alloys™.

Several theoretical and experimental studies have been devoted to these
materials in order to understand the phase transformation, deformation, fracture,
cracking behavior, oxidation resistance, phase stability, elastic properties,
thermal stress, ...etc™*?'. For example, the microstructure, cracking behaviour,
thermal expansion, and mechanical properties of Laves phases in binary Cr-NDb,
Cr-Zr and ternary Cr—(Nb, Zr) alloys were the subject of several
investigations®*?°. Also, elastic constants, Young’s moduli, Poisson’s ratios,
sound velocities, and thermal expansion coefficients of MCr, (M=Ti, Zr, Ta, Nb,
Sc, Y, La) were obtained via a theoretical approach based on the Linear Muffin-
Tin Orbital (LMTO-NFP) method; showing that DFT calculations can give

satisfactory values that would often be difficult to obtain directly from



experiments® %, Although several calculation methods have been successively
applied to predict the stable ground state structure of various Laves phases, these
calculations are: (i) always limited to the binary stoichiometric compounds and
(i) very often restricted to 0 K*'.

In order to avoid these limitations, the Full Potential Linearized
Augmented Plane Waves (FP-LAPW) method is applied in the present work to
investigate the structural and electronic properties of ternary alloys in the C15-
Laves phase. In addition, the quasi-harmonic Debye model, which is added
within the framework of the FP-LAPW, is used to reproduce the temperature
effects. Thus, the aim of this work is threefold: (i) testing the validity of the
quasi-harmonic Debye model using the total energy and molar volume set
obtained with the FP-LAPW method and making it suitable for a large number
of solids, (ii) highlighting the stability of ternary C15-Laves alloys for the Cr-
Zr-Nb system, and (iii) giving electronic and vibrational properties of this phase
since there is a lack in experimental data.

The parameters and technical details of the calculations related to the FP-
LAPW method and the quasi-harmonic Debye model are presented in the
second section of this paper. The results are given and discussed in the third
section within two subsections dealing successively with: (i) the structural and
electronic properties and (ii) the thermal effects. Finally, the fourth section gives

some concluding remarks.



2. Computational methods

All calculations in this study are done within the framework of the density
functional theory (DFT), according to which the many-body problem of
interacting electrons and nuclei is mapped to a series of one-electron equations,
the so-called Kohn-Sham (KS) equations. The self-consistent calculations were
carried out for all structures using a scalar-relativistic version of the Full-
Potential Linearized Plane Waves (FP-LAPW) method®. The GGA

approximation of Perdew et al®

(PBE) to the local density approximation was
taken to include the exchange-correlation energy to the total energy. Inside the
muffin-tin spheres, the wavefunctions, electron charge densities, and potentials
are expanded in terms of the spherical harmonics, while for the interstitial region
between the spheres plane-wave expansions are used. The spherical harmonics
were expanded up to angular momenta l,,ox = 8 inside the muffin-tin and |, = 4
for the interstitial region, to avoid any shape approximations. The core states
were treated fully relativistically in the frozen core approximation and the
muffin-tin radii were taken as 2.10, 2.20, and 2.25 a. u. for Cr, Zr, and Nb,
respectively. The present calculations were done without spin-orbit coupling
(SOC).

Laves phases generally crystallize into one of the three topologically
close-packed structures: cubic C15 (CuMg,), hexagonal C14 (MgZr,), and C36
(MgNi,). As the Laves phases are stabilized by size factor principles and
electronic structure, the e/a ratio - defined, for transition elements, as the
average number of (p + d) electrons per atom - was identified as a key parameter
in controlling the C14/C15 phase stability in Cr,Nb based transition-metal Laves
alloys®. The lattice structure used in the calculations for the Cr,Zr and Cr,Nb
compounds is similar to the Cu,Mg cubic Laves structure (C15) having a Space
Group: Fd3m (# 227). The C15 Laves phases have composition AB,, where the
A atoms are ordered as in diamond, and the B atoms form tetrahedra around the

A atoms. The Cr(Zr, Nb) structures used in the calculation are like Cu;MgSn (F-


http://cst-www.nrl.navy.mil/lattice/spcgrp/cubic.html#sg227
http://cst-www.nrl.navy.mil/lattice/struk/a4.html

43m, #216), which is an ordered variant of the Cu,Mg structure. The 8-atom
equipoint of the Cr,Mg type structure is subdivided into two different, ordered,
4-point subsets in the CusMgSn structure. This structure is one of the most
commonly observed Laves phases among the known ternary systems.

The correct temperature variation of the thermal properties can only be
obtained by treating the lattice vibrations as quantized (phonons). The
investigations of thermal effects in this study are done within the quasi-
harmonic Debye theory of crystals, without having to make extensive and
complicated lattice dynamics calculations.

The isotropic approximation is used to determine the Debye temperature

2\/71/2 l BS
0, =h(672V2n)s £ (o) ey (1)

Where V, M, n, B, f(o) and kg are the molar volume, the molar mass, the

given as:

number of atoms per formula unit, the adiabatic bulk modulus, a scaling
function that depend on Poisson’s ratio of the isotropic solid, and the Boltzman
constant, respectively. A simple way to use the Debye model is to consider that
the adiabatic bulk modulus is equal to the isothermal bulk modulus, B+, leading

to the following equation:

B, ~B, =v(d2EJ @

dv?

Where E is the total energy of the crystal at 0 K. Being given the energy of the

considered phase (E) as a function of the molecular volume (V) by means of the

FP-LAPW method at static condition (T = 0 K), the quasi-harmonic Debye

model allows: (i) to generate the Debye temperature 6p(V) from Eq. (1) and Eq.

(2), (ii) to obtain the non-equilibrium Gibbs function G*(V ;p,T):
G*(V;T,p)=E(V)+pV + A, (T.6(V)) 3)

where Ayi, is the vibrational Helmholtz free energy given by the Debye model,

and (iii) to minimize G* to derive the thermal equation of state (EOS), V(p,T)



and the chemical potential G(p, T) of the corresponding phase®. The standard
thermodynamic relations that depend on temperature and pressure are used to
derive other macroscopic properties. A detailed description of this procedure can

be found in Ref [32] and references therein.



3. Results

3.1 Structural and electronic properties of Cr,Zr;«Ny alloys

As a first step, a set of total energy calculation versus total volume, E (V),
for Cry(ZrNb) alloys was carried out in order to determine the structural
parameters. The corresponding values are fitted with universal Murnaghan
equation of state (EOS). The obtained results for Cr,Zr and Cr,Nb compounds
are presented in Table 1. As it can be seen, the predicted lattice parameters are
consistent with those measured experimentally by X-Ray diffraction (room
temperature) as well as with those calculated from theoretical methods. The
same good agreement is noticed for the bulk modulii for which one can notice
that Cr,NDb is less compressible than Cr,Zr.

The variation of lattice parameters and bulk modulii with the Nb
concentration (x) is represented in Fig. 1(a) and 1(b), respectively. The lattice
parameter of Cr,Zr;4Nb, alloys decreases with increasing Nb concentration,
whereas the bulk modulus increases. The noticed linear variations of the lattice
parameters and the bulk modulus with the Nb concentration indicate that the
Vegard’s law is valid for these alloys. The deviation from the linearity -that
would be represented by a bowing factor describing the structural disorder in the
alloys- is not present; showing thereby that the Cr,(ZrNb) alloys are quite
ordered in the entire range of composition whatever the Zr/NDb ratio.

The heats of formation of the studied alloys are determined as the
difference of the C15 total energy and the sum of the bcc-Cr, hcp-Zr, and bcc-
Nb energies. Figure 2 shows the dependence of the heat of formation with the
Nb concentration (x). The obtained values are always negative, meaning that the
formation of the C15-alloys is favored to the phase separation. Moreover,
starting with Cr,Zr, the heat of formation decreases with x from 0 to 50 % Nb. In
a similar manner, starting with Cr,NDb, the heat of formation decreases when Nb
content is reduced from 100 to 50 %; the lowest value being obtained for 50 Zr

and 50 Nb %. These are interesting results indicating that substitution of Zr on



Nb sites in Cr,Nb or Nb on Zr sites in Cr,Zr does not destabilize the C15
structure. This is consistent with the recent determination of the 1573 K
isothermal section of ternary phase diagrams established by Kim et al*. Indeed,
the authors found that the Laves phase along the Cr,Zr-Cr,Nb pseudo-binary
line is composed of the C15 phase over the entire compositional range.

Another way to clarify the structural stability and the hardness of the
Cry(Zr, Nb) alloys is the determination of their electronic structures.

Fig. 3 represents the total (DOS) and partial (PDOS) densities of states in
the cases of Cr,Zr, CryZrosNbgsg, and CroNb. All the DOS curves present two
sets of peaks separated by the Fermi level localized in the vicinity of a quite
pronounced valley (deep minimum). The first set of peaks (in the low energy
range) corresponds to the valence states whereas the second one (in the high
energy range) represents the conduction states. The well-defined valley
separating the bonding and antibonding states and the localisation of the Fermi
level at the bonding-antibonding valley, was already reported in the literature for
Cr,Zr** and Cr,Nb*. Let us now focus our interest only on the first set of peaks,
since the second one is not well reproduced within the framework of the DFT
which fails in dealing with excited states. The results in Fig. 3 indicate the
metallic character in all these materials as well as the effect of the Zr/Nb
concentration on the density and location of the Fermi level. The DOS at the
Fermi level, N(Ef), is 47.32, 51.80, and 115.52 States/Ry for Cr,Zr, Cr,ZrasNbg s,
and Cr,Nb, respectively. The N(Er) of the Cr,Nb compound is higher than the
Cr,Zr one by more than a factor of 2. Note that our value for Cr,Nb compares
very well with the 115.8 states/Ry given by Ormeci et al*®
of the DOS s at the right of the Fermi level in Cr,Nb and quite displaced to the

. The deep minimum

left in Cr,Zr. In fact, as illustrated in Fig. 3 for the case of Cr,ZrysNbgs, all the
results for the Cr-Zr-Nb Laves phase investigated here showed a displacement
of the Fermi level from the left to the right with increasing the Nb concentration.

Clearly, the contribution of the Nb and the Zr atoms to the total DOS are quite



different. In lower energies (full states), the PDOS profiles show that the Nb d-
states contribution is more important than the Zr d-states. This confirms that the
hybridization between Cr and Nb atoms is effectively more important than the
hybridization between Cr and Zr ones. This leads to higher potential hardness in
the Cr-rich compounds, as already established from the bulk modulii (see Fig.
1(b)). From the electronic structures, it can be assumed that the ternary
compounds Cr,(ZrCry) in the C-15 Laves phase are more stable for Zr-rich
concentration. This is consistent with the heats of formation that were previously

shown in Fig. 2.



3.2 Thermal properties

Using a given set of total energy versus molar volume values, E(V), and a
numerical EQOS, the thermal properties are obtained for each alloy. As the Debye
temperature in this model depends on the scaling function f(o) (see Eq .(1), in
Sec. 2)), values of the Poisson’s ratios have to be introduced. In the literature,
the reported Poisson’s ratios are 0.32* and 0.34"> ** for Cr,Zr and Cr,Nb,
respectively. These values are used in he present work and an averaged value of
0.33 is taken for the Cr,(ZrNb) alloys.

The lattice parameters and bulk modulii obtained with a numerical EOS,
at T = 0 K (static case) for x = 0, 0.25, 0.50, 0.75, 1.0, are 7.138, 7.086, 7.039,
6.992, 6.945 A and 177.84, 191.47, 204.18, 218.1, 226.04 Gpa, respectively.
These results are in fairly good agreement with the Murnaghan EOS and the
experimental results (see Table 1 and Fig. 1).

Since the C15-phases studied here exist only in the lower temperature
range of the Cr,(Zr, Nb) solids, the thermal properties are determined in the
temperature range from 0 to 1500 K, where the quasi-harmonic model remains
fully applicable. The temperature effects on lattice parameters and bulk modulii
are shown in Fig. 4(a) and Fig. 4(b), respectively. The lattice parameter of each
alloy increases with increasing temperature but the rate of increase is more
important for Cr,Zr above 600 K. In terms of bulk modulus (Fig. 4(b)), there are
clearly three categories of behavior. The effect of temperature on Cr,Nb is very
moderate as the bulk modulus at 1500 K is still above 220 Gpa. For the Laves
phases containing both Zr and Nb, the decrease in bulk modulus with
temperature is more drastic. Finally, for the Cr,Zr alloy the B value drops by
more than 40 % between 0 and 1500 K. This indicates that Cr,Nb stays a hard
material at high temperature when compared to Cr,Zr. A very interesting point
about these results is the fact that, as the rate of decrease does not appear to be
dependent on the amount of Zr in the Cr-Zr-Nb Laves phases (Fig. 3(b)), small

amounts of Nb should be sufficient to improve significantly the hardness of the
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CrpZr compound. This interesting behavior was already related to the strong
hybridization between Cr and Nb atoms in Sec 3.1.

Other properties which are related to the thermal effects are the thermal
expansion, «(T), and the heat capacity, Cy (T). As these two properties have
anharmonic behaviors, one would not expect linear variation with Zr/Nb ratio.
Fig. 5(a) represents the variation of the (volume) expansion coefficient, «(T), as
function of the temperature. After a sharp increase up to ~300 K which is due
the electronic contributions and is roughly similar for all compositions, the
behavior of the Cr,Nb, Cr,Zr, and Cr,(ZrNb) alloys are somehow quite different
between 300 and 1500 K. As it can be shown, the Cr,Nb alloy has a fairly
constant thermal expansion. Comparatively, the expansion coefficient of Cr,Zr
exhibits a parabolic behavior at high temperature. The Cr,-(Zr, Nb) coefficients
exhibit linear dependence with the temperature. The reported values for the Cr,-
(Zr, Nb) alloys are lower and higher than the Cr,Zr and Cr,Nb ones, respectively.

Another vibrational property is the heat capacity and its dependence on
temperature. The calculated values for the studied alloys are compiled in Table 2.
The reported value follows the Debye model at low temperature (Cy(T) ~ T°)
and the classical behavior is found at sufficient high temperatures (Cy(T) ~3R
for mono-atomic solids); obeying Dulong et Petit's Rule. The specific heat
capacity of the three materials at sufficient high temperature does not dependent
much on temperature and tends to approach 75 J.mol™*.K™.

The calculated properties at different temperatures are very sensitive to
the vibrational modes. In the quasi-harmonic Debye model, the Grineisen
parameter, 5 (T), and the Debye temperature, & (T), are two key quantities.
In Fig. 5(b), the Grineisen parameter is plotted for the different temperature
values at p = 0 Gpa. The Griineisen parameter decreases with temperature for
Cr,Nb while it increases for Cr,Zr. The plotted values vary from 1.8 to 2.5,

which show that the vibrational modes in Cr,Nb and Cr,Zr are quite different
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and sensitive to the Zr/Nb ratio in the ternary compounds. The values of the
Debye temperature are given in Table 3 for 0, 300, and 600 K. A very good
agreement is found for the Cr,Nb compounds at 300 K between our calculated
results and the experimental data of Thoma et al*>. Though the calculated value
obtained by Mayer et al** for Cr,Nb is higher than these results, the fact that
they found a lower Debye temperature for Cr,Zr compared to Cr,Nb is
consistent with our values. It is well known that hard materials exhibit elevated
Debye temperatures. This is the case for the Cr,Nb and Cr,Zr compounds for all
the temperature range. Finally, our calculations give fairly accurate estimation of
the Debye temperatures and depict well its evolution in Cr,(Zr, Nb) alloys. The

trend is to increase with the Nb concentration and to decrease with temperature.
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4. Conclusion

The aim of this work was to use ab initio calculations (with the FP-LAPW
method) to give new insights on structural, electronic, and thermal properties of
binary and ternary C15-Laves compounds in the Cr-Zr-Nb system. The
temperature effects have been obtained using the quasi-harmonic Debye model
exploiting the total energy calculations of the FP-LAPW method. The main
results can be summarized as follows:
1. The calculated lattice parameter and bulk modulus of Cr,Zr and Cr,Nb are in
good agreement with experimental data. The lattice parameters of the Cr,(Zr, Nb)
compounds decreases with Nb concentration, whereas the bulk modulus
Increases.
2. The calculated heats of formations show that the Cr-Zr-Nb system favors
ternary C15-Cry(Zr, Nb) compounds formation over phase separation. In
addition, the structural properties obey to the Vegard’s law, meaning that Cr,(Zr,
Nb) are quite ordered alloys whatever the Zr/Nb ratio.
3. The total densities of states have shown that the stability of the ternary Laves
compound Cry(Zr-Nb) decreases with increasing the Nb content. The partial
densities of states (d-states) of the Nb atoms are more important than the Zr ones
in the low energy range. This leads to a strong hybridization between Nb and Cr
d-states.
4. Bulk modulus values as well as the type of hybridization between Cr-Nb and
Cr-Zr suggest higher hardness potential for Cr,Nb than for Cry(Zr, Nb), and
finally for Cr,Zr.
5. The use of the quasi-harmonic Debye model was successfully applied to
determine the thermal properties of the Cr,(Zr, Nb) alloys in the 0-1500 K
temperature range. Significant differences in properties are obtained Above 300
K.

13



6. The behavior of the Laves phases in Cr-Zr-Nb system is very sensitive to the
Zr/Nb ratio. Our results indicate that the effects of temperature on bulk modulii
and volume expansions are very drastic in Cr,Zr and less important in Cr,NDb.
Finally, the approach presented here is a promising alternative for the
determination of several properties in complex structures that are difficult and/or

costly to obtain from experiments.
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Table captions

Table 1. Lattice constant (a) and bulk modulus (B) of Cr,Zr and Cr,Nb in the
C15-Laves phase.

a(A) B (Gpa)
CryZr
Present work 7.131 177
Ref* 7.093 179
Experiment 7.208% 162%
Cr;Nb
Present work 6.940 228
Ref* 6.918 229
Experiment 6.991% 229%
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Table 2. The heat capacity C, (J. /mol. K) at different temperatures.

300 K 600 K 900 K

CrZr 67.77 73.04 74.06
Cr,ZrosNbg 25 67.81 73.04 74.05
Cr,Zr.50Nbg 50 67.42 72.94 74.01
Cr,Zro25Nbg 7 66.99 72.81 73.95

Cr,Nb 66.89 72.78 73.93




Table 3. The Debye temperature 8p (K) for the Cr-Zr-Nb system at 0, 300, and
600 K.

0K 300 K 600 K
CryZr 431.0 426.7 417.9
437%
Cr,ZrssNbg o5 429.5 425.4 418.6
Cr,Zr50Nbg 50 441.9 437.9 430
Cr,Zry sNbyg 75 455.3 451.5 444.7
Cr,Nb 458.2 454.6 448.4
502%
453.9%
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